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Fig. 2 Flutter dynamic pressure vs chordwise natural frequency of
a rectangular wing.

mogeneous. The measured value of the frequencies of Ref.
7 reveals that the plate was not homogeneous, its chordwise
frequency being much less than that theoretically predicted
for a square plate, i.e., it approaches the value for a plate
with an aspect ratio 1:2.

In order to examine the tendency of this mode to flutter
when coupling with the torsion mode, a small disturbance in
the aerodynamic stiffness matrix is included. This disturbance
is accomplished by introducing in the aerodynamic stiffness
matrix a value for the element (3,2) which is equal to a negative
percentage of the element (2,3). The result of the analysis is
shown in Fig. 2 for various percentages. Notice that a 10%
disturbance is equivalent to moving the nodal lines only 1%
chordwise forward and an asymmetry of 5% in the deflection
of the trailing edge in relation to the leading edge. Observe
that only 1% disturbance without the aerodynamic damping
shows evidence of this type of violent flutter. Figure 2 also
shows the flutter parameters given in Ref. 1 for an analysis
when only modes 2 and 3 are considered. Finally, it must be
observed that values of A3 < 1 are physically impossible, since
the chordwise mode cannot be a graver mode than the torsion
mode. This classical example has been analyzed in detail in
order to show the importance of the accuracy in the mode
shapes when used in flutter analysis and the adequacy of the
mode coalescence theory to predict violent types of flutter.

Conclusions
A method has been presented for the solution of the flutter

problem within the theory of mode coalescence. It has been
shown that the solution of the complex eigenvalue problem
can be avoided and the problem can be reduced to that of
the solution of two simultaneous algebraic equations with the
critical flutter parameters as unknowns. Numerical applica-
tions have been presented and the adequacy of the use of the
mode coalescence theory has been discussed.
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I. Introduction

F INITE element methods are being used in aeroelastic
analysis to predict flutter boundaries, response, etc. In

aeroelastic analysis, different discretization procedures are
used for structural and aerodynamic parameters. For exam-
ple, in MSC/NASTRAN, one set of discretization is based on
aerodynamic theory and the other set of discretization is based
on structural considerations. It is necessary to find the aero-
dynamic parameters at the structural grid and vice versa for
aeroelastic analysis. For example, the structural deformations
are required at the aerodynamic grid points and the aero-
dynamic loads are required at the structural grid points.

Several numerical procedures were developed to get the
necessary information between the aerodynamic and the
structural grids. These procedures employ a least squares
technique for interpolation,1 polynomial fit,2 and spline func-
tions based on simple beam and infinite plate equations.3-4 In
Ref. 5, a piecewise cubic monotone interpolation scheme was
used to determine the displacements and the slopes at the
aerodynamic grid points by deriving a transformation matrix.
However, in all of these procedures, a system of equations
has to be solved to get the required information between the
aerodynamic and structural grid points. For irregularly shaped
structural or aerodynamic grids, the system of equations be-
comes ill conditioned and the results will be inaccurate.

The present approach is to use the inverse isoparametric
mapping to transform the state variables such as displacement,
load, stress, pressure, temperature, etc., from the structural
grid points to aerodynamic grid points. The plane form of the
wing can be represented by either four-node or eight-node
isoparametric finite elements. Although the present approach
is intended for interpolation between the two sets of grids,
extrapolation to control surfaces, such as flaps, is possible by
combining the well-known extrapolation techniques and in-
verse mapping procedure. The present approach is demon-
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strated for both interpolation and extrapolation between the
structural and aerodynamic grids. The inverse mapping pro-
cedure is valuable and efficient in the aeroelastic data trans-
formation because each state variable (displacement or slope)
is interpolated using the same shape functions in the sense of
isoparametric mapping.

II. Inverse Isoparametric Mapping
In isoparametric mapping, the same shape functions N are

used to interpolate the geometry and the state variables. The
isoparametric mapping is from a local coodinate (£,17) to a
global coordinate (je,y). The mapping is defined by the shape
functions for an element:

A '
Structural Element Grid

— — Aerodynamic Grid Line

= E (la) Fig. 2 Typical oblique wing with structural grid and aerodynamic
grid line.

(Ib)

where n is the number of nodes for the element.
The idea of inverse isoparametric mapping is to find a local

coordinate (£m,i7m) from the information given (xm,ym) in the
global coodinates. The inverse mapping involves solving a
system of nonlinear equations numerically using an iterative
approach. In the present study, the approach of Ref. 6 is used
to solve for the local coordinates (fm,Tjm) for the four-node
and eight-node isoparametric finite elements. The inverse
procedure is reviewed briefly in the following.

Consider an interior point M (xm,ym) for which its local
coordinates (£W,17W) are required. Define an arbitrary line PQ
passing through the point M and any corner node P (see Fig.
1) whose coordinates are known. The line PQ transforms to
P'Q' through the inverse mapping. The local coordinates of
M can be found using the shape functions and coordinates of
the element containing the point M. The equation for the line
P'Q' can be written as

Af2 + B£ + C = 0 (2)

where the constants A, B, and C are functions of the coor-
dinates and shape functions of the finite element enclosing
the point M. The explicit expressions for the coefficients A,
B, and C can be found.6 The quadratic equation (2) is solved
iteratively for the correct root such that the value of £ is in
the range [-!, + !]. It should be noted that P'Q' should be
defined for the whole range of the 17 axis [-!, + !] before a
bisection on P'Q' is possible. Sometimes it is necessary to
choose another corner node P or use a simple transformation
to interchange the f and 17 axes so that the required values
of 17 ( — 1 < 77 < 1) can be found.

After finding the local coordinates £m and r\m, the state
variable at the point M can be obtained using the isopara-
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Fig. 3 Comparison of deformation along the aerodynamic grid line
AB.

metric mapping as

(3)

where 4> is the state variable at any point in the element. This
procedure has to be carried out by choosing the appropriate
structural element containing the aerodynamic grid point in
the mesh.

Although the present approach is intended for interpola-
tion, extrapolation to the control surfaces is possible by con-
sidering an extrapolated grid enclosing the control surfaces.
The grid over the control surfaces can be extrapolated using
the well-known linear or quadratic or cubic spline techniques.
Then using this extrapolated grid, the required information
at the control surface points can be found using the inverse
mapping procedure. However, the extrapolation is not as ac-
curate as the interpolation.

III. Results and Conslusions
Consider a typical oblique wing, as shown in Fig. 2. Eight-

node isoparametric finite elements were used to discretize the
wing. Let the deformed shape of the wing be represented as

w = cos(cv) sin(foc) (4)

Fig. 1 Transformation of line PQ by inverse mapping.

where the constants b and c are chosen to give one full wave
in the x and y directions, respectively. The displacements can
be calculated at any point on the wing by using Eq. (4).
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Table 1 Percent error between the analytical solution and the
inverse mapping procedure using different extrapolation schemes

over the control surface grid points

Fig. 4
CD.

0.00 0.20 0.40 0.60 O. SO l . O O 1.2O

DISTRNCE, Y/C

Comparison of deformation along the aerodynamic grid line

Structural Grid

s Extrapolated Grid . Aerodynamic Grid Point

Fig. 5 Structural grid extrapolated to the control surfaces.

The displacements are calculated at the aerodynamic grid
line AB by using three eight-node finite elements and the
inverse mapping procedure. The displacements along the
aerodynamic grid line AB are shown in Fig. 3 along with those
calculated from Eq. (4). The solid line represents the dis-
placements calculated using Eq. (4), and the circles represent
the displacements used as inputs to the inverse mapping pro-
gram. The square symbols denote the calculated displacement
(output) from the inverse mapping procedure. It can be seen
from Fig. 3 that the present results are in excellent agreement
with the analytical solution. Similarly, the displacements cal-
culated along the aerodynamic grid line CD using four eight-
node finite elements for a constant value of x are shown in
Fig. 4. Once again, a good agreement is found between the
results obtained from the inverse mapping procedure and the
analytical solution. Depending on the accuracy required, a
larger number of elements are to be used for inverse mapping
calculation along a particular aerodynamic grid point/line.

To show how the inverse mapping procedure can be used
for obtaining the required data at the control surfaces/grid
points, the problem shown in Fig. 5 was considered. The
displacement for the problem shown in Fig. 5 is assumed as
given by Eq. (4). The structural grid is extrapolated to the
control surfaces using linear, quadratic, and cubic spline tech-
niques. Using this extrapolated grid of two eight-node finite
elements, the displacement is obtained at 10 different points
over the control surface using the inverse mapping procedure.
The percent error between the results from the inverse map-

Point Number
1
2
3
4
5
6
7
8
9

10

Linear
1.53
1.07
0.81
0.97
0.92
1.53
1.08
1.09
0.97
0.76

Quadratic
0.00
0.16
0.15
0.13
0.08
0.30
0.16
0.43
0.13
0.08

Cubic spline
0.00
0.00
0.07
0.01
0.06
0.00
0.00
0.35
0.01
0.22

ping and the analytical solution are summarized in Table 1
for different extrapolated schemes. It can be seen from Table
1 that the present approach gives the results with good ac-
curacy.

Since isoparametric finite elements are used, any general
wing configuration can be discretized. The inverse mapping
procedure can be added to any of the existing finite element
programs without any difficulty. The results presented indi-
cate that the inverse mapping procedure is very accurate and
efficient and, therefore, can be used for transforming any state
variable (pressure, temperature, strain, etc.) between the
aerodynamic and the structural grids.
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Introduction
N recent years, thrust vectoring has been actively consid-

. ered as a means to improve a fighter's performance. Most
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